How do the global properties of a Lorentzian manifold change when endowed with a vector field? This interesting question is tackled in this paper within the framework of Einstein-Aether theory which has the most general diffeomorphism-invariant action involving a spacetime metric and a vector field. After classifying all the possible nine vacuum solutions with cosmological constant in cosmology, we show that there exist three new solutions albeit for the choice of free parameters that are not favored by experiments. However, we found three other solutions that are non-singular in General Relativity but are singular in Einstein-Aether theory within the experimentally allowed parameter space. This result is cross-verified by showing the focusing of timelike geodesics using the Raychaudhuri equation.
I. INTRODUCTION
The theory of General Relativity (GR) underpins our best understanding of gravity. It has passed all the experimental tests, the first being the measurement of bending of light during the total solar eclipse of 1919 [1] and the most recent confirmation come from the direct detection of gravitational waves in 2015 [2] , and the capture of black hole shadow image in 2019 [3] . Despite the experimental success, a fundamental theoretical problem of GR is the existence of curvature singularities such as the ones in the big bang and black holes. A curvature singularity is a point of intense gravity where spacetime, and the laws of physics break down. Stephan Hawking and Roger Penrose proved that the curvature singularities are not artifacts of coordinates or symmetries but are inevitable under reasonable energy and causality conditions [4] . Since then it has been clear that GR is not a final theory of gravitation and there have been several attempts to replace GR both at low and high energies. The Einstein-Aether (EA) theory belongs to a class of infrared theories.
In this paper, we are interested in studying how the timelike vector field dubbed aether in EA theory affects the nature of singularities in comparison to GR. Recently, we stumbled upon an interesting case of a new singularity in [5] , which we would like to investigate under a simpler setting here. In order to have a clear view, we we first classify all the possible cosmological vacuum solutions in EA theory. Then, we compute the Kretschmann to see if curvature singularities exist both in GR and EA theories. We found three solutions that are non-singular in GR but are singular in Einstein-aether theory within the experimentally allowed parameter space. We reconfirm this by studying the focusing of congruence of timelike geodesics using the Raychaudhuri equation. * chan@on.br, mfasnic@gmail.com, vhsatheeshkumar@gmail.com The paper is organized as follows. The Section II presents the quick overview of EA field equations. In Section III, we classify the vacuum cosmological solutions and compare them with the corresponding cases in GR. We also prove the existence of curvature singularities by computing the Kretschmann curvature scalar invariant. In Section IV, we revisit the singularities by employing the Raychaudhuri equation. And finally we end with a summary and conclusion in Section V.
II. EINSTEIN-AETHER THEORY
The EA theory in the current form was introduced in 2001 to study the preferred frame effects in gravitation and cosmology [6] . In this generally covariant theory, the local Lorentz Invariance is broken by a dynamical unit timelike vector field u a often referred to as aether. The general action of the EA theory is given by,
where,
with
and the c i being dimensionless coupling constants, and λ a Lagrange multiplier enforcing the unit timelike constraint on the aether. The last term, L matter is the matter Lagrangian.
In the weak-field, slow-motion limit EA theory reduces to Newtonian gravity with a value of Newton's constant G N related to the parameter G in the action (1) by [7] ,
The coupling constant G of EA theory is equal to the usual Newtonian gravitational constant G N for c 1 = −c 4 and not necessarily c 1 = c 4 = 0. The field equations, obtained by extremizing the action with respect to the independent variables λ, u a and g mn are given by,
The free parameters c i have been severely constrained using many observational/experimental tests such as the primordial nucleosynthesis [8] , ultra-high energy cosmic rays [9] , the solar system tests [10, 11] , binary pulsars [12, 13] , and more recently gravitational waves [14, 15] .
III. CLASSIFICATION OF COSMOLOGICAL MODELS
The most general isotropic and homogeneous universe is described by a Friedmann-Lemaître-Robertson-Walker (FLRW) metric,
where, B(t) is the scale factor and k is a Gaussian curvature the space at a given time. According to observations by WMAP and Planck experiments, this metric is a good description of our universe as it is spatially homogeneous and isotropic when averaged over large scales. This leaves us with a choice of u a = (1, 0, 0, 0).
The standard definitions of the Hubble parameter H(t), the deceleration parameter q(t) and the redshift are given by, respectively,
where the symbol dot denotes the differentiation with respect to the time coordinate. Also, as usual the t 0 is the current time where the scale factor is normalized
The Friedmann-Lemaître equations are given by,
where β = c 1 +3c 2 +c 3 and Λ is the cosmological constant.
Since we are interested in the curvature singularities, an important quantity to be computed is the Kretschmann scalar. For FLRW metric, it is given by
For recent literature on EA cosmology, the reader may consult the references [16] and [17] .
The Friedmann-Lemaître equations yield the following two solutions for Λ > 0, k = +1,
where ǫ = ±1. The solution only exists for Λ − 3 > 0 and 2 + β > 0. The Hubble parameter H(t) and the deceleration parameter q(t) corresponding to this metric are given by
This metric is non-singular for all values of 2 + β > 0.
The Friedmann-Lemaître equations yield the following two solutions for Λ > 0, k = 0,
The solution only exists for 2 + β > 0. The Hubble parameter H(t) and the deceleration parameter q(t) corresponding to the cases of this metric are given by
This metric is non-singular for all values of β > −2.
The Friedmann-Lemaître equations yield the following two solutions for Λ > 0, k = −1,
The solution only exists for 2 + β > 0. The Hubble parameter H(t) and the deceleration parameter q(t) corresponding to this metric are given by
The Kretschmann scalar for the metric is singular at
The metric is not singular for β = 0 which corresponds to GR, with the curvature invariant being 8|Λ| 2 3 . But, the metric is singular for 2 + β > 0 such that β = 0. This means it is a new singularity.
The Friedmann-Lemaître equations yield the following two solutions for Λ = 0, k = +1,
The solution only exists for 2 + β < 0, which is ruled out by experiments. The Hubble parameter H(t) and the deceleration parameter q(t) corresponding to this metric are given by
For β = 0, the solution does not exist. That means it is a new singularity but exists only for 2 + β < 0, which is ruled out by experiments.
E. Λ = 0, k = 0
The Friedmann-Lemaître equations yield the following solution for Λ = 0, k = 0,
The Hubble parameter H(t) and the deceleration parameter q(t) corresponding to this metric are given by
This metric is never singular and independent of the value of β.
The Friedmann-Lemaître equations yield the following two solutions for Λ = 0, k = −1,
For β = 0 which corresponds to GR, the solution exists and is never singular with the curvature invariant being 0. But, the metric is singular for 2 + β > 0 such that β = 0. This means it is a new singularity.
The Friedmann-Lemaître equations yield the following two solutions for Λ < 0, k = +1,
Substituting these solutions in the Friedmann equations we can show the solutions only exist for Λ = 3, thus there are no solutions for this case.
The Friedmann-Lemaître equations yield the following two solutions for Λ < 0, k = 0,
The solution only exists for 2 + β < 0 which is ruled out by experiments
For β = 0, the solution does not exist. The solution exists and is non-singular only for 2 + β < 0, which is ruled out by experiments.
The Friedmann-Lemaître equations yield the following two solutions for Λ < 0, k = −1,
For β = 0 which corresponds to GR, the solution exists and is never singular with the curvature invariant being 8|Λ| 2 3 . But, the metric is singular for 2 + β > 0 such that β = 0. This means it is a new singularity.
IV. CONGRUENCE OF GEODESICS
A singularity always implies focusing of geodesics, although focusing alone cannot imply a singularity as pointed out by Landau [18] . Having already established the presence of singularities, we now use the null geodesic incompleteness to reinforce our results. The expansion rate of the congruence of geodesics as seen by comoving observers is given by the Raychaudhuri equation [19] ,
where θ, σ µν , w µν are respectively the expansion, shear and twist of the congruence of geodesics, and τ is the proper time along a geodesic with a tangent vector field, k µ = dx µ /dτ . The Raychaudhuri equation has geometrical meaning and has no connection a priori to the gravitational theory which only enters through the term −R µν ξ µ ξ ν . For the FLRW metric, both shear σ µν and twist w µν are zero, while the expansion and curvature terms for timelike geodesics are given by,
−R µν ξ µ ξ ν = Λ + 3β 2 q.
(76)
Thus, the expansion rate of congruence of timelike geodesics is given by
For all the three cases C, F and I,
which, according to the Focusing theorem [20] , implies singularity.
V. CONCLUSIONS
The initial singularity in cosmology has been the center of much research even before the Big Bang model was vindicated by the COBE results in 1990 [21] . There have been several efforts both classically and quantum mechanically to eliminate or avoid such singularities. In this paper, we investigated how the presence of timelike vector field in EA theory affects the nature of singularities in comparison to GR. For this, we first classified all the possible cosmological vacuum solutions in EA theory and found three cases (k = −1, for all three values of Λ) which are non-singular in GR but are singular in EA theory. We reconfirmed this by studying the focusing of congruence of timelike geodesics using the Raychaudhuri equation.
